Sove.
o

When Ax is small,
Ay = flc + Ax) - f(c) is
approximated by f "(c)Ax.

Figure 3.66

EXAMPLE 7 Approximating Function Values

Use differentials to approximate +/16.5.
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Definition of Total Differential
If z = f(x, y) and Ax and Ay are increments of x and y, then the differentials

of the independent variables x and y are
dx = Ax and dy = Ay

and the total differential of the dependent variable z is

_ 0z 9z, _
dz = =~ dx + o dy = f.(x,y) dx + f,(x, y) dy.

EXAMPLE 1 Finding the Total Differential

Find the total differential for each function.

a. z = 2xsiny — 3x2%)? b. w=x2+ yZ 4 72

Definition of Differentiability
A function fgiven by z = f(x, y) is differentiable at (x,, y,) if Az can be
written in the form
Az = f (x5, Yo) Ax + f,(x0, o) Ay + £,Ax + &,Ay
where both &, and &, —0 as
(Ax, Ay)— (0, 0).
The function f is differentiable in a region R if it is differentiable at each

point in R.
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EXAMPLE 2 Showing that a Function Is Differentiable

Show that the function
flx,y) = x* + 3y

is differentiable at every point in the plane.

Figure 13.34
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THEOREM 13.4 Sufficient Condition for Differentiability
If fis a function of x and y, where f, and f,, are continuous in an open region R,

is differentiable on R. o .
ili)[;gof of Theorem 13.4 is given in Appendix A.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.
e

- dg

7

: i L]
(x,y) @ i, y) (x+Ax, y+Ay)

i Sy

X

The exact change in z is Az. This
change can be approximated by the
differential dz.

Figure 13.35
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Using a Differential as an Approximation

cose D> See LarsonCalculus.com for an interactive version of this type of example.

Use the differential dz to approximate the change in z = /4 — x? — y2 a5 (x, y) moves

from the point (1, 1) to the point (1.01, 0.97). Compare this approximation with the
exact change in z.

fGe+Ax, y+ Ay) f(x,y)

@ 1)
(1.01, 0.97)

As (x, y) moves from (1, 1) to the point

(1.01, 0.97), the value of fx,y)

changes by about 0.0137.

Figure 13.36
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Chain Rule: One Independent Variable

"
an

X

tj‘
dr

Chain Rule: On% Independent Variable

Let w = x2y — y% where x = sintand y = ¢’. Find dw/dt when ¢ = 0.
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m An Application of a Chain Rule to Related Rates

Two objects are traveling in elliptical paths given by the following parametric equations.

x, =4cost and y, = 2sint First object

x,=2sin2¢t and y, = 3cos?2t Second object

At what rate is the distance between the two objects changing when t = 7?

s _ = (X5 = %) _
ox; V= x)?+ (v, — )2
as _ — (2 — 1) _
a9y, \/(xz - x1)2 + ()’2 - )’1)2
os = (2 — x1) _
% by —x)2+ (y2 — y1)?
95 _ (y2 — y1)

ay, - \/(xz - x1)2 + (y2 — y1)2

ds _ai@jLﬁ@_F&sdxszasdyz

dt  dx, dt  dy, dt ~ Oox, dt  dy, dt
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THEOREM 13.7 Chain Rule: Two Independent Variables

Let w = f(x, y), where fis a differentiable function of x and y. If x = g(s, 1) and
y = h(s, ) such that the first partials ax/ds, dx/dt, 9y/ds, and dy/ot all exist,
then dw/ds and dw/dt exist and are given by

w _dwdx  dwdy
as dx ds  dy 0s

and
gw Owdx | dwdy
—_— = —— + _——
gt ax ot  dy ot

The Chain Rule is shown schematically in Figure 13.41.
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Finding Partial Derivatives by Substitution

Find dw/ds and dw/at for w = 2xy, where x = 2 + 2 and y = s/1.
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The Chain Rule with Two Independent
e » » <> See LarsonCalculus.com for an interactive version of this type of exam

Use the Chain Rule to find dw/ds and dw/at for
w = 2xy

where x = s2 + t>and y = s/t.

6w_6wax+6_w_§_)_¢_
as ox ds 0dy ods

6w_6w6x+6_vv_6_)’_
ot dx ot dy ot
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Chain Rule: Implicit Differentiation
If the equation F(x, y) = 0 defines y implicitly as a differentiable function of
x, then

dy  F(x.y)

dx  F(xyy
If the equation F(x, y, z) = 0 defines z implicitly as a differentiable function

F,(x,y) # 0.

of x and y, then

dz Fo(x,v,2) dz F(x, y,2)
o 2 oand — = ————, F.lx,y,2) #0.
ax F(x,y,2) ay F.(x,y,2) & 2)

o oo

The Chain Rule for a Function of Three Va

Find aw/ds and ow/ot when s = 1 and ¢t = 27 for
w=xy+ yz+xz

where x = scost,y = ssint,and z = 1.
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Finding a Derivative Implicitly
Find dy/dx for
y+y2—5y —x2+4 =,

Finding Partial Derivatives Implicitly
Find dz/dx and az/dy for

3x%2 = x2y2+ 223+ 3yz — 5 = 0.
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