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 Section 2.5:  Zeros of Polynomial Functions 
1)
Objective 1:  Use the Rational Zero Theorem to Find Possible Rational Zeros.
a.
 The Rational Zero Theorem :  If
  f (x) = an x n + an – 1x n – 1 + an – 2xn – 2 + an – 3 x n – 3 + · · · + a2x2 + a1x + ao  
with integer coefficients and if  p/q  is a rational zero, then:

1)
p  is a factor of  ao  (the constant term)


2)
q  is a factor of an (the leading coefficient)

b.
Therefore, if we have a polynomial function with integer coefficients and if it has a rational zero (fraction or integer), then we can find all possible fractions that may be zeros and then test them using synthetic division.

c.
Example 1:  List all possible rational zeros of  f (x) = 3x3 + 8x2 – 15x + 4
Step 1.
List all possible  p’s (factors of the constant term):

Step 2.
List all possible  q’s (factors of the leading coefficient):

Step 3.
List all possible  p/q’s:

 If there is a rational zero for  f (x), then it is among the above fractions in Step 3. 
2)
Objective 2:  Find Zeros of a Polynomial Function.
a.
Steps in finding zeros of polynomial functions.

Step 1.
Find all rational zero candidates by using the Rational Zero Theorem.

Step 2.
Test the candidates by using synthetic division.  If the remainder is 0, then it is a zero; if the remainder is not 0, then it is not a zero.

b.
Example 2:  Use synthetic division to test the possible rational zeros and find an actual zero for  f (x) = 3x3 + 8x2 –15x + 4.

Step 1.
Find all rational zeros (the  p/q’s) by using the Rational Zero Theorem.

Step 2.
Test each possibility by using synthetic division.  If the remainder is 0, then that possibility is a zero of the polynomial.

3)
Objective 3:  Solve Polynomial Equations.
a.
 Steps in solving polynomial equations :

Step 1.
Find all possible rational zeros of the polynomial.

Step 2.
Test these by synthetic division.

a)
If the remainder is 0, it is a solution.

b)
If the remainder is not 0, it is not a solution.

Step 3.
If c is a zero, then  x – c  is a factor.

a)
Rewrite equation with  (x – c)  factored out:  f (x) = (x – c)(g(x)).

b)
Repeat steps 1 & 2 with  g(x).

Step 4.
When the remaining polynomial is a quadratic, use factoring or the quadratic formula to solve for the remaining two zeros.  The roots of the polynomial equation are the zeros of the polynomial.

b.
Example 3:  Solve the polynomial equation  x4 – 2x2 – 16x – 15 = 0
Step 1.
Find all possible rational zeros of the polynomial  f (x) = x4 – 2x2 – 16x – 15.

Step 2.
Test by synthetic division until you find a zero.  (I already know 3 is a zero).

Step 3.
Rewrite equation with  (x – c)  factored out:  f (x) = (x – c)(g(x)).  In this case, we have  c = 3,  f (x) = x4 – 2x2 – 16x – 15  and  g(x) = ?

 Repeat Steps 1 and 2 with  g(x) replacing  f (x).
c.
 Properties of Polynomials :
1.
A degree  n  polynomial equation has  n  roots (some of them may be the same and/or some may be complex).

2.
Imaginary roots occur in pairs (if  a + bi  is a root, then  a – bi  is a root).

d.
 The Fundamental Theorem of Algebra :


If  f (x)  is a polynomial of degree  n,  n ≥  1, then the equation  f (x) = 0  has at least one complex root.


In fact, a polynomial equation  f (x) = 0  of degree  n (  1  has  n  complex zeros.  Remember that real numbers are also complex numbers, with the coefficient of  i  being  0.

4)
Objective 4:  Use the Linear Factorization Theorem to Find Polynomials with Given Zeros.
a.
 The Linear Factorization Theorem  says that an  nth  degree polynomial can be expressed as a product of a constant and  n  linear factors:  f (x) = an(x – c1)(x – c2) ··· (x – cn)  (Some of the  c’s  may be complex).

b.
Note:  x2 – d = (x – √d)(x + √d)  and  x2 + b = (x + i √b)(x – i √b).

c.
Example 4:  Factor the polynomial  x4 – 9x2 – 22
1.
as a product of factors that are irreducible over the rational numbers.  This means the constant terms inside the parentheses are rational, not irrational.  The factors may not be linear.

2.
as a product of factors that are irreducible over the real numbers.  This means the constant terms in the factor are real numbers (not complex).  The factors may not be linear.

3.
in completely factored form involving real and complex non-real numbers.  All factors are linear.  The constants may be imaginary numbers.

d.
Example 5:  Find a 3rd degree polynomial with real coefficients where  6  and  –5 + 2i  are zeros and  f (2) = -636.

Step 1.
If complex roots are given, find their conjugates.

Step 2.
Write the  nth  degree polynomial as  f (x) = an(x – c1)(x – c2) ··· (x – cn),  where the  c’s  are the zeros, and multiply out, starting with the complex factors.

Step 3.
Solve for  an  using the particular point given  (xo,  f (xo)).
Step 4.
Write out the polynomial.
5)
Objective 5:  Use Descartes’s Rule of Signs.
a.
Given the polynomial:

  f (x) = an x n + an – 1x n – 1 + an – 2xn – 2 + an – 3 x n – 3 + · · · + a2x2 + a1x + ao 
1.
The number of  positive real zeros  equals the number of sign changes,  S, in  f (x)  or is less than that number by an even integer.  # positive roots = S  or  S – 2  or  S – 4  or · · · 
2.
The number of  negative real zeros  equals the number of sign changes,  S,  in  f (-x)  or is less than that number by an even integer.  You find  f (–x)  by changing the signs of the terms with odd exponents.  # negative roots = S  or  S – 2  or  S – 4  or · · · .

3.
Using  Descartes’s Rule of Signs  may help to eliminate some of the possible rational roots found using the  p/q  method (the Rational Zero Theorem).

b.
Example 6:  Determine the possible number of positive and negative real zeros of

f (x) = x3 + 2x2 + 5x + 4.
Step 1.
Count the number of sign changes for  f (x).

Step 2.
Count the number of sign changes for  f (–x).

Step 3.
Find all possible rational roots (the  p/q’s), eliminating some of the roots by the information obtained by using Descartes’s Rule of Signs.
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