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 Section 4.4:  Trigonometric Functions of Any Angle 
1)
Definitions: The Trigonometric Functions of Any Angle.
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a.
If  P(x,y)  is a point on the terminal side of  θ,  an angle whose vertex is at the origin, then the trigonometric functions are defined as:

	sinθ = y/r
	cscθ = r/y

	cosθ = x/r
	secθ = r/x

	tanθ = y/x
	cotθ = x/y

	where  r  =  (x2 + y2)1/2


b.
Example 1:  Let  P (x, y) = (–5, 7),  find  sinθ.
Step 1.
Find  r  using the Pythagorean Theorem.

Step 2.
Find  sinθ  using the definitions above.

2)
The Signs of Trigonometric Functions.

a.
Since  sinθ = y/r,  the sign of  sinθ  depends on the sign of  y.  Sinθ is positive when  y  is positive and negative when  y  is negative.

b.
Since  cosθ = x/r,  the sign of  cosθ  depends on the sign of  x.  Cosθ is positive when  x  is positive and negative when  x  is negative.

c.
Since  tanθ = y/x,  the sign of  tanθ  depends on the signs of  x  and  y.
	
	Quadrant II

x neg,  y pos.
	Quadrant I

x pos,  y pos
	

	
	sin θ > 0
	sin θ > 0
	

	
	cos θ < 0
	cos θ > 0
	

	
	tan θ < 0
	tan θ > 0
	

	
	sin θ < 0
	sin θ < 0
	

	
	cos θ < 0
	cos θ > 0
	

	
	tan θ > 0
	tan θ < 0
	

	
	Quadrant III

x neg,  y neg.
	Quadrant IV

x pos,  y neg.
	


d.
Example 2:  If  tanθ < 0  and  cosθ < 0,  name the quadrant in which angle  θ  lies.

e.
Example 3:  If  tanθ = –1/2  and  cosθ < 0,  find  cosθ  and  cscθ.
Step 1.
Identify Quadrant.  (In what quadrant are both  tanθ  and  cosθ  negative?)

Step 2.
Identify  x  and  y  and draw the angle.

	
	

	
	


Step 3.
Find  r  (r = (x2 + y2).5).

Step 4.
Evaluate the trigonometric functions using the definitions.

3)
Reference Angles
a.
Definition:  The reference angle of any angle  θ  in standard position is the positive acute angle  θ′  formed by the terminal side of  θ  and the  x-axis.


Some examples (not all are represented):
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θ′  = 180° –  θ
θ′  =  θ  –  180°
θ′  = 360° –  θ

θ′  =  π  –  θ
θ′  =  θ  –  π
θ′  =  2π –  θ
In these examples,  θ  is a positive angle.  You should not have to memorize the above.  Be able to figure out  θ′  using an appropriate diagram!
b.
Example 4:  Find the reference angle,  θ′,  for each of the following angles:
1)
θ  =  345°
2)
θ  =  5π/6
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


3)
θ  =  –135°
4)
θ  =  2.5  (1 radian ≈ 57° or slightly less than 60°)
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


4)
Using Reference Angles to Evaluate Trigonometric Functions.

a.
Steps in evaluating trigonometric functions using reference angles.

Always draw a picture.

Step 1.
Where is the angle (in what quadrant)?

Step 2.
What is the sign of the trigonometric function?

Step 3.
What is the reference angle?

Step 4.
Evaluate the trigonometric functions using the reference angle.

b.
Example 5:  Use reference angles to find the exact value of each of the following trigonometric functions.

1)
sin135°
	
	

	
	


Step 1.  What quadrant?

Step 2.  Sign of  sin 135°
Step 3.  Reference angle?

Step 4.  Evaluate  sin 135°.

2)
cos4π/3
	
	

	
	


Step 1.  What quadrant?

Step 2.  Sign of  cos 4π/3?

Step 3.  Reference angle?

Step 4.  Evaluate  cos 4π/3.

3)
cot(–π/3)
	
	

	
	


Step 1.  What quadrant?

Step 2.  Sign of  cot (–π/3)?

Step 3.  Reference angle?

Step 4.  Evaluate  cot (–π/3).
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