MTH 173 4.2 Handout

Sigma Notation

The sum of n terms a,, a,, as,. . .,a,1s written as
n
Eai=a1+a2+a3+- -+ +a,
i=1

where i is the index of summation, g, is the ith term of the sum, and the
upper and lower bounds of summation are » and 1.
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THEOREM 4.2 Summation Formulas

1. 2c=cn,cisaconstant 2. 2i=£(f—2i—l—)
=1 =1
B g n(n + 1)2n + 1) & .5 _ n%(n + 1)?
3. i 6 4. 2: —a

A proof of this theorem is given in Appendix A.
See LarsonCalculus.com for Bruce Edwards’s video of this proof.

T

B\ 4k33] Evaluating a Sum

| +
‘ n21 for n = 10, 100, 1000, and 10,000.

Evaluate i

i=1
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< EXAMPLE 3

Approximating the Area of a Plane Region

Use the five rectangles in Figure 4.8(a) and (b) to find two approximations of the area
of the region lying between the graph of

flx) = —x2+5

and the x-axis between x = 0 and x = 2.

L
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5 5
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(a) The area of the parabolic region i
greater than the area of the rectangles.

= L——vx
2 4 6 8 10
5 5 5 5 5

(®) The area of the parabolic region is less

Fi than the area of the rectangles.
Igure 4.8
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s(n) < (Area of region) < S(n)

MTH 173 4.2 Handout

S(n) V

_/ ;
[la b " [la B / la b
Area of inscribed rectangles Area of region

is less than area of region.

Figure 4.11

e e g

'EXAMPLE 4

Area of circumscribed

rectangles is greater than
area of region.

Finding Upper and Lower Sums for a Region

— 42
Find the upper and lower sums for the region bounded by the graph of f(x) = x* and

the x-axis betweenx = 0and x = 2.
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THEOREM 4.3 Limits of the Lower and Upper Sums D

Let i i
S be continuous and nonnegative on the interval [a, b]. The limits as

lim s(n) = tim 3! f(m,) Ax
—oo &4 i

= lim gf(M,) Ax

n—oo

= lim S(n)

where Ax = (b — a)/n and
values of fon the subinterva{ m) and f(M;) are the minimum and maximum

Definition of the Area of a Region in the Plane
;v‘ f

Let f be continuous and nonnegative on the
interval [a, b]. (See Figure 4.13.) The area
of the region bounded by the graph of £
the x-axis, and the vertical lines x = a and

x=bis ¢ 7.
Area = lim 2 flc;) Ax ) : hc")
n—ac &4 !
fla 7N &

wherex;_, < ¢; = x;and X1 X%
\y_b—a The width of the ith subinterval
B n ) iS Ax = x'. —_ xi—l'

Figure 4.13
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Finding Area by the Limit Definition

Find the area of the region bounded by the graph f(x) = x?, the x-axis, and the vertical
lines x = 0 and x = 1, as shown in Figure 4.14.

(1,1

——
©,0) 1

The area of the region bounded by
the graph of £, the x-axis, x = 0, and
x=1isjg.

Figure 4.14
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EXAMPLE 6 Finding Area by the Limit Definition

* * = <> See LarsonCalculus.com for an interactive version of this type of example.

Find the area of the region bounded by the graph of f(x) = 4 — x2, the x-axis, and the
vertical lines x = 1 and x = 2, as shown in Figure 4.15.

4

1
1

1

N

The area of the region bounded by
the graph of f; the x-axis, x = 1, and
x=2is3,

Figure 4.15
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"EXAMPLE 7; [ Region Bounded by the y-axis

Find the area of the region bounded by the graph of f(y) = y? and the y-axis for
0 < y < 1, as shown in Figure 4.16.

} > X
1

The area of the region bounded by the
grallph of fand the y-axis for0 = y < |
is 3.

Figure 4.16
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EXAMPLE 8
Use the Midpoint Rule with n = 4 to approximate the area of the region bounded by
the graph of f(x) = sin x and the x-axis for 0 < x < , as shown in Figure 4.17.

Approximating Area with the Midpoint Rule

:'\
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The area of the region bounded by the
graph of f(x) = sin x and the x-axis for
0 =< x < 7is about 2.052.

Figure 4.17
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75. Building Blocks A child places n cubic building blocks in
a 1ow to form the base of a triangular design (see figure). Each
successive row contains two fewer blocks than the preceding
row. Find a formula for the number of blocks used in the
design. (Hint: The number of building blocks in the design
depends on whether n is odd or even.)

n is even.
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Evaluating a Sum In Exercises
of summation and Theorem 4.2 to
summation capabilities of a grap

result.

12
13. 37
i=1
24
15. Y 4i
i=1
20
17. ¥ (i - 12
i=]}

14
i=
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13-20, use the properties
evaluate the sum. Uge the
hing utility to verify your

W
(=)

14. » —18

i

(5i — 4)

s

16.

-
=1
—

0

18. ;(52 -1)

=1
20. S - 2)
= |
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Finding Upper and Lower Sums for a Region In
Exercises 33-36, use upper and lower sums to approximate the
area of the region using the given number of subintervals (of
equal width).

33. y=Jx 4. y=/x+2
y y
A
1+ 31[: z.zf-""/
2
l_..
] 1 +— x
1 1 2
35),:% 36.y=VI-x°
y y
i A
1‘—5
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6. i[(i—l)2 s(+0]=

4
10.

28

1L

-

38163

13, 127 =712) = 84

i=l

@+y v

14, 'i:,(-ls) = (~18)(30) = 540
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15 3= 441 -
16.
17.
18.

19.

20,
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2 [24(25)] = 1200
4=

Z(5f 4) = SZ'- 4(16) = 5[6( )] 64 = 616

20 2 2 .2 lgngnizgl =
;(i—l)=§'=l: 0 ] 2470

i(iz_l)= 2 _ »"’1 [10(”)(2')] 10 = 375

15 15
Z 1) = Z: 221 + Zi
i=1 i=1 i=1 i=1
_ 15(16)° _ 215(16)(31) N 15(16)
4 6 2
= 14,400 - 2480 + 120 = 12,040
25

E(n" -2:) Z; - 22,

i=1 i=l

- (@) (ef ,25(26)
4 2

= 105,625 - g50
= 104,975
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