MTH 277 Handout 15.1

VECTOR FIELDS

(SeaWinds data for Hurricane Katrina)

Above we see flow lines and wind vectors in the Gulf of Mexico from August 28, 2005 during the early
stages of Hurricane Katrina. The flow lines are colored according to rain probability using a light to dark
purple scale. The geometry of the vector glyphs indicates direction and wind speed (mapped to glyph
length). Wind speed is redundantly encoded with glyph color which in this example ranges from light
green (very low wind speed) to yellow (intermediate speeds) to bright red (high wind speeds).

Examples of Vector Fields

Magnetic Field
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Definition of Vector Field
A vector field over a plane region R is a function F that assi gns a vector
F(x, y) to each point in R.

A vector field over a solid region Q in space is a function F that assigns a
vector F(x, y, z) to each point in Q.
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Definition of Inverse Square Field

Let r(r) = x(1)i + y(£)j + z(1)k be a position vector. The vector field F is.an
inverse square field if

k
Flx,y,2) = ™
where k is a real number and
S
S

is a unit vector in the direction of r.

I“m"‘ﬂ Sketching a Vector Field

Sketch some vectors in the vector field

F()C, y) = —yi + xj.

Figure 15.4
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rml Sketching a Vector Field

Sketch some vectors in the vector field

F(x,y) = 2xi + yj.

Figure 15.5 = |

Definition of Conservative Vector Field

A vector field F is called conservative when there exists a differentiable function
fsuch that F = Vf. The function f'is called the potential function for F.
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THEOREM 15.1 Test for Conservative Vector Field in the Planej

Let M and N have continuous first partial derivatives on an open disk R. The
vector field F(x, y) = Mi + Nj is conservative if and only if

N _ oM
ox  dy’

Proof To prove that the given condition is necessary for F to be conservative, suppose
there exists a potential function f such that

F(x,y) = Vf(x,y) = Mi + Nj.

Then you have

oM
ey =M > fxy)= oy
IN
ey =N = fuloy) =70

and, by the equivalence of the mixed partials f,, and f, you can conclude that
aN/ax = aM/dy for all (x,y) in R. The sufficiency of this condition is proved in

Section 15.4.

rm Testing for Conservative Vector Fields in the Plane

Decide whether the vector field given by F is conservative.

a. F(x,y) = x%yi + xyj b. F(x,y) = 2xi + yj
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AMPLE! Finding a Potential Function for F(x, y)

Find a potential function for

F(x,y) = 2xyi + (> — y)j.

Curl of a Vector Field

Theorem 15.1 has a counterpart for vector fields in space. Before stating that result, the
definition of the curl of a vector field in space is given.

Definition of Curl of a Vector Field
The curl of F(x, y, z) = Mi + Nj + Pk is

curl F(x, y,z) = V x F(x, y, 2)

( P aN), (aP aM), (aN BM)
=l———)i-(———]j+|— - —]k
dy 0z 0x 0z 0x ay

If curl F = 0, then F is said to be irrotational.

The cross product notation used for curl comes from viewing the gradient Vf as the
result of the differential operator V acting on the function f. In this context, you can
use the following determinant form as an aid in remembering the formula for curl.

curl F(x, y,z) = V x F(x, y, 2)

i j k
—|9 9 9
dx dy 09z
M N P
(aP aN), (aP aM). (aN aM)
[ _Z)i-—— =i+ |—-—Ik
dy 0z ox 0z 0x ay
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Finding the Curl of a Vector Field

cons > See LarsonCalculus.com for an interactive version of this type of example.

Find curl F of the vector field
F(x,y,z) = 2xyi + (x* + 22)j + 2yzk.

Is F irrotational?

> | THEOREM 15.2 Test for Conservative Vector Field in Space

Suppose that M, N, and P have continuous first partial derivatives in an open
sphere Q in space. The vector field

F(x, y,z) = Mi + Nj + Pk

is conservative if and only if

w

curl F(x, y,z) = 0.
That is, F is conservative if and only if

oP _ON oP _oM . ON_M

5; oz ox 0z’

oo > Finding a Potential Function for F(x, y, 2)
.6 Find a potential functidn for
atype

'ring F(x,y,z) = 2xyi + (x* + 2%)j + 2yzk.
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Definition of Divergence of a Vector Field
The divergence of F(x, y) = Mi + Nj is

oM  dN
div F(x, y) =V -« F(x, y) = ?); + a—y Plane

The divergence of F(x, y, z) = Mi + Nj + Pk is
oM N, P

H — . = -|— -+ 3 Space
dIV F(JC, y, Z) \Y F(x, y, Z) Ox ay (')Z pace

If div F = 0, then F is said to be divergence free.

THEOREM 15.3 Divergence and Curl

If F(x, y, z) = Mi + Nj + Pk is a vector field and M, N, and P have continuous
second partial derivatives, then

div(curl F) = 0.

d\. ad\.

V- -Fx,y2 = [<a_x>l + <$>J o (a%)k] - (Mi + Nj + Pk)
oM, N o
ox ay 0z

WATIN=0 | Finding the Divergence of a Vector Field

Find the divergence at (2, 1, — 1) for the vector field
F(x, y, z) = x*y%i + x%j + xHk.
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15.2 Line Integrals:

ASSUME YOUR COMPANY DOES COMMERCIAL INSTALLATION

Wire Chart:
Stranded wire sizes and ampacity for 75°C copper wire.

o ° [¢] (¢]

oOOOOO

SIZE 14 12 10 8
OIAMETER 073 082 115 46 184 235 ZM 295 335

S 1 30 50 1S 130 150
SIZE 2/0 3/0 / Zsokml mxemn 360kcmi wokcmnl SOCkcme
DIAMETER 475
AMPS 175 3|0
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Figure 15.8
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Definition of Line Integral

If fis defined in a region containing a smooth curve C of finite length, then the
line integral of f along C is given by

J flx,y)ds = lim Y f(x, ) As, Plane
c Al—0 /=

or
n

jf(xa Y Z) ds = lim Ef(xi, Yis Z;‘) AS; Space
C

HAH—>0,': 1

provided this limit exists.

Evaluating a Line Integral

Evaluate j (x + 2) ds, where C is the curve represented by
c

4 1
r() =ti + §t3/2j + Etzk, 0<t=<2.
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Finding Area by a Line Integral

Use a line integral to find the area of the ellipse (x2/a2) + ( P =1,
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Green’
comn en’s 'I-‘h(?orem can be extended to cover some regions that are not simply
etcted. This-is demonstrated in the next example.

BEXAM 4%=(5 | Green'sTheorem Extended to a Region with a Hole

Let R be the region inside the ellipse (x2/9) + ( ¥?/4) = 1 and outside the circle
x? 4+ y2 = 1. Evaluate the line integral

f 2xy dx + (x*> + 2x) dy
C
where C = C; + C, is the boundary of R, as shown in Figure 15.33.




